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Motivated by Haldane's exclusion statistics, we construct 
creation and annihilation operators for g-ons using a bosonic 
algebra. We find that gr-ons appear due to the breaking of 
a descrete symmetry of the original bosonic system. This 
symmetry is intimately related to the braid group and we 
demonstrate a link between exclusion statistics and fractional 
statistics. 



In 1991 Haldane proposed that excitations which obey 
fractional statistics may exist in certain condensed mat- 
ter systems even in dimensions other than two . This 
was based on his observation such excitations are present 
in the Calogero-Sutherland model [||. For these 

excitations, which were dubbed "ij-ons" by Nayak and 
Wilczek Q], he proposed that the number of available 
one-particle states changes with the increasing occupa- 
tion of the state. Namely, if d as the number of one- 
particle states available for the particle and N as its oc- 
cupation number, then 



Ad = -gAN 



(1) 



where g determines the statistics of the particle. Since 
the number one-particle state for bosons does not change 
with N, g = for bosons. For fermions, on the other 
hand, the number of available one-particle states de- 
creases by one with the addition of even one fermion, 
giving a g — 1. This definition of statistics has the ad- 
vantage of making no specific reference to the dimension- 
ality of the system which is being studied while the usual 
notion of fractional statistics is often made in reference 
to anyons which traditionally have only been present 
in two spatial dimensions. 

Since Haldane's work there have been a number of pa- 
pers advancing his ideas g] , - by using thermo- 
dynamic arguments. This was done primarily by using 
the second of Haldane's proposals: that the dimension- 
ality of the Hilbert space of N g-ons is 



D = 



[d+{l-g){N-l)]l 
N\[d - 1 ~ g{N - 1)]!' 



(2) 



This was used to construct a partition function for 5-ons, 
which was then compared with the partition function of 
various known systems. Using this argument Murthy and 



Shanker was able to show that anyons also obey exclusion 
statistics. 

In another approach, Karabali and Nair have recently 
attempted to use operator methods |l^ to reahze exclu- 
sion statistics algebraicly. Specifically, they proposed the 
existence of creation and annihilation operators d and 
for g-ons by requiring a™+^ = 0. The resultant Hilbert 
space is therefore finite dimensional containing at most 
m possible occupation states. As the system looses a one- 
particle Hilbert space as soon as the occupation number 
for the state changes by m, g — 1/m. Although m (l/g) 
is necessarily an integer, since Nayak and Wilczek have 
shown that the thermodynamical distribution functions 
for g and 1/g are related by a duality property, this lim- 
itation does not seem to be to troublesome. Of greater 
concern is that since a specific representation of these op- 
erators were not known, the resulting commutation rela- 
tions for d and could not be determined uniquely. 

In this letter we shall extend Karabali and Nair's anal- 
ysis by constructing explicitly the creation and annihi- 
lation operators for g-ons using a bosonic algebra. This 
is done by using the bosonic number operator to define 
a operator whose eigenvalues are abelian representations 
of the braid group and are commonly identified as the 
"statistics phases" for anyons ||]. Projection operators 
are then constructed which projects states of the bosonic 
Hilbert space H into states with definite statistics phase. 
These projection operators are then used to define the 
creation and annihilation operators. We shall further see 
from this construction that g-ons appear in the bosonic 
system as the result of the breaking of a descrete sym- 
metry of the original bosonic Hilbert space. In the spirit 
of Haldane's original work, this analysis is done without 
reference to any specific spacetime dimension. 

Denoting the usual bosonic operators by a and and 
their number operator by A'^ = a^a, we begin with the 
unitary operator 



exp 



2m 



-N 



1 



(3) 



where m is a non-negative integer. One can easily show 
that 

B^aBl = e-2W(™+i)« ^ B^a^Bl = e'^'/'-'^+'^aK 

(4) 

Consequently, [a,i3o] = = [a^^,i3o], and Bq commutes 



1 



with every operator in the algebra generated by a and 
. It is therefore (a Casimer operator) proportional to 

the identity operator /. Since the eigenvalues of N are 

the non-negative integers, this proportionality constant 

is simply unity p^ . 

Consider now Bm for m > which has eigenvalues 



„27ry7(m+l) 



(5) 



that are the m + 1 roots of unity. Since only the ratio 
j / (m + 1) matter, it is understood from now on that < 
j < m. It is also known that for a fixed value of j'/(m+ 1) , 
eq. (H) is a one dimensional (abelian) representation of 
the braid group e~^^'^ if one identifies v = —2j/{m + 
1) In this context, eq. ^ is often also called the 

"statistics phase" of an anyon. Consequently, we shall 
Bm the quantum braid operator. 

Next, Bm\j + (m + l)q) = e^'^'J'/t^+i) |j + (m + l)q) 
where \n) is a state in Ti. and g > is an arbitrary in- 
teger. The bosonic Hilbert space H is also spanned by 
eigenstates of Bm- These states can be isolated by using 
the projection operators 



pn 



1 ^ 

A;=0 



exp 



2'Kik 



(N-j) 



(6) 



which have the properties 



pmj _ pn 

j j 



(7) 



and P 



j±{m+l) 



pp. It is easily seen that PJ"|n + (m - 



l)q) ~ (5j,n|"- + {rii + 1)9) and the original Hilbert space 
decomposes into H = T^o ® • ■ • © . Each state in V-j 
is an eigenstate of Bm with eigenvalue eq. and has a 
definite statistics phase. 

We then use P™ to form the composite operators 



where < j < to. Using eq. ( 



it - 



(8) 



(9) 



and we find 



{e7,er^} = r;%,, [T;",Tn=0 (10) 



while 



i-i-ij 



(11) 



and [ef ,rf] = for |j - fc| 7^ 1. TV/ = ef^e™, 
TV = Ej^j and [Af|,Pr] = 0- Written in this way 



the original background bosonic operators do not explic- 
itly appear, the algebra closes and no other operators 
need to be introduced. These ej" will be used to con- 
struct the creation and annihilation operators for g-ons 
and their resultant Hilbert spaces. To demonstrate that 
the commutation relations eq. ( p^ are sufficient to deter- 
mine the g-on Hilbert space upto an overall constant, we 
shall make no further reference to the underlying bosonic 
algebra. 

We begin with to = 1, and a\ = ej. Then from 
eq. (p^), (aj)^ — and {a\,a\^^ — T\. Since, however, 
[flp, If] — 0, if we restrict ourselves to only those opera- 
tors and Hilbert space generated by aj and a\ then T\ 
is once again a multiple of the identity which can be set 
to unity by re-scaling aj. Oq and therefore obey the 
usual fermionic anticommutation relations and generate 
a fermionic Hilbert space. 

Even though we still have the operator ej, no other 
interesting operator can be constructed for to = 1 aside 
for the trivial replacement of ej <-> e}. Once Cq is also 
included in the sub-algebra the complete bosonic Hilbert 
space will be reconstructed as can be seen from the com- 
pleteness relation in eq. (|^). We will no longer be project- 
ing H into a sub-Hilbert space with a definite statistics 
phase. This is a reflection of the very will known re- 
sult that for TO — 1 the statistics phase is ±1 and only 
fermions or bosons can be present. 

For TO = 2 we construct the creation and annihilation 
operators for 1/2-ons by taking, for and arbitrary but 
fixed j. 



-j+i 



(12) 



{oj)^ = 0, as can easily be seen from the commutation 
relations. To construct the Hilbert space, we take 
as the ground state. It is also chosen as an eigenstate of 
both T^^^ and Tj_^_2 with eigenvalues X'j_^_-^ and A|_|_2, re- 
spectively. This is possible because these both operators 
commute among themselves as well as the 1/2-on num- 
ber operator = of a?y Then, because e|^2^i+i — 0, 
one can show that A|^2 — 0. The 1/2-on Hilbert space 
is then spanned by the normalized states 



.2t 



Aj + l 



i+1 



1) 



(13) 



They are eigenstates of N'j — a^^a^ with eigenvalues 0, 
X^j+i and + 1, respectively, and of Tjj^^ with eigen- 
values X^j+n A^+n and 0. The constant Aj^;^ > itself 
cannot be determined by eq. ( pO| ) alone. However, us- 
ing the underlying bosonic Hilbert space we find that 
=3 + l + iq. 

The generalization to arbitrary to is straightforward. 
We take 



2 



k=l 



(14) 



for which (0™)"*+^ = 0. aj^ and a™' are thus creation 
and annihilation operators for 1/m-ons. The 1/m-on 
Hilbert space is m-dimensional and spanned by the states 
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v/-^r+i(Ar+i+i)---(A;^i+p-i)' 



(15) 



for 1 < p < m with the ground state being |ri)™. 
They are eigenstates of the 1/m-on number operator 
with eigenvalues X^^-^ + p, as well as of Tj^-^\pyp — 
A™^i(5p,i|p)™. Once again AJ^^ > is an arbitrary con- 
stant which, because T^^IQ)]" = A^^Jfi)™, ultimately 
depends on the ground state of the system. For the un- 
derlying bosonic Hilbert space, Xj^-^ = j -I- 1 -I- (to -I- l)q. 

In the TO ^ 00 limit, eq. (^4|) becomes an infinite sum, 
and we find that (a°°)' 7^ for any finite I. Using stan- 
dard arguments we can show that X'^i = 1 and we sim- 
ply recover the usual bosonic algebra and Hilbert space. 
This can also be seen heuristically from eq. (^, by look- 
ing at the spectrum of Bm for finite to and taking the 
TO 00. We therefore identify Boo = I and note that 
Bf) = Boo- 

Bm\p)"' = e2'^»?'/(™+i)|p)" for a B„^ invariant ground 
state. Each 1/m-on occupation state is an eigenstate of 
the braid operator with the state containing p of the 1 / m- 
ons having a statistics phase Q^'^^p/i"^+^) _ Each 1/m-on 
thereby has a statistics phase of e2'^*/(™+i). For m = 1 
this is just —1, as expected for fermions, while for m — > 00 
it is 1, as expected for bosons. 

We can understand the physics behind this construc- 
tion of g-ons by using the following symmetry arguments. 
We first introduce the notion of i?„i-Parity, which like the 
usual parity P is a descrete symmetry and is generated 
by Bm- Since, however, B™^^ = I, the eigenvalues of B^ 
are in general complex while 'P is a Z2 symmetry. The 
original bosonic system is, of course, i?m-Parity invariant 
and Ti. itself is spanned by states with definite i?m-Parity. 
In the construction of the g-on operators a™, a™^, how- 
ever, only the projection operators Pj^i, ■ ■ ■ , PJ+m were 
used. P™ itself was purposely leftout. In effect, a™ rep- 
resents the the projection of any bosonic state into a 
TO-dimensional subspace spanned by these projection op- 
erators after which a is applied. -Bj\/-Parity is explicitly 
broken by hand and the states \j + [m + l)q) that P™ 
projects into forms the ground state for the 5-on 

Hilbert space. The choice of ground state for the g-ons 
is not unique and there are an infinite number of ground 
states which can be used to generate the Hilbert space, 
each corresponding to a different AJ^j^. These ground 
states are not equivalent, however, since the eigenvalues 
of N'"^ are A^'^^ dependent. 

Since the eigenvalues of Bm are in general complex, 
Bm is not necessarily a physical observable. Its effect on 



the bosonic Hilbert space is nevertheless dramatic and 
observable. The breaking of this descrete symmetry re- 
duces the infinite dimensional bosonic Hilbert space into 
the finite dimensional g-on Hilbert space. Indeed, the 
presence of g-ons in the system occurs precisely because 
this descrete is broken in the original bosonic system. 

As an explicit example of this, consider the case to = 1, 
for which Bi = (—1)^, (-Bi)^ = / and is a Z2 symmetry. 
With respect to this operator, TL consists of both even 
(|2n)) and odd (|2n-|-l)) states. The fermionic operators 
a J are, however, constructed from Pi only. Pq was not, 
and could not, be used or else the original Hilbert space 
would be reproduced. _Bi-Parity is explicitly broken and 
we find that the one fermion state (aj!j)t|r2)g is odd under 
Bi. It has statistics phase of —1, as expected. Also, if 
we identify TL with the one dimensional simple harmonic 
oscillator, then B\ also functions as the usual parity op- 
erator. Equivalently, fermions appear in the bosonic sys- 
tem due to parity being broken. This breaking of parity 
is a well known effect for anyons. Unfortunately, due to 
its complex eigenvalues Bm does not have such a nice 
physical interpretation for to > 1. 

To conclude, we have constructed the creation and an- 
nihilation operators for g-ons; particles which obey Hal- 
dane's exclusion statistics. This was done using the usual 
bosonic creation and annihilation operators without any 
reference to a specific spacetime dimension. Physically, 
g-ons appear in the bosonic system as the result of the 
breaking of a descrete symmetry. Moreover, as the con- 
struction explicitly used the braid operator B^. whose 
eigenvalues consist of abelian representations of braid 
group, we have established a link between Haldane's ex- 
clusion statistics, fractional statistics, the braid group 
and anyons. Indeed, we have found that g-ons have a 
statistics phase of e^'^^sl (f+i) , and have finite dimensional 
Hilbert spaces, precisely as one would expect for anyons. 
Consequently, denoting the usual statistics phase of an 
anyon by e'^*", we see that a(g) = 2g/(g -I- 1), which 
has the correct limiting values at g = 0, 1 for bosons and 
fermions, respectively. (This this relation between a and 
g is unique only up to an even integer.) Notice also that 
a satisfies a duality condition 



.(g)+a(l/g)==2. 



(16) 



that is very similar to the partition function for g-ons 
obtained through thermodynamical arguments. 

Murthy and Shanker |^ has also shown that anyons 
obey exclusion statistics. In their analysis a partition 
function for g-ons was constructed using eq. (H) which 
was generalized to infinite dimensional Hilbert spaces. A 
virial expansion is then perform on this partition function 
and g is shown to be very simply related to the second 
virial coefficient in the high temperature limit. Since 
the second virial coefficient has been calculated for the 
anyon gas they find that g^s = ams(2 - a,„s)- 
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This is different from our result of 5 = a/ (2 — a). Their 
result was obtained via a virial expansion, however, and, 
as they have pointed out, is valid for a general anyon gas 
only if all the virial coefficients are finite for the anyon 
gas, a result which is not yet known. Our results would 
seem to suggest that either these virial coefficients are 
not finite, or else the relationship they derived is valid 
only in the high temperature limit near ams = 0,1 when 
a ctms- Notice also that ams does not satisfy a simple 
duality relation between g and 1/g. 

Traditionally, anyons have been associated with two 
dimensions where the homotopy class 7ri(M„) on the 
configuration space Mn of n hardcore particles is non- 
trivial. The intertwinning worldlines of these particles in 
the Feynmann path integral formalism form a represen- 
tation of the abelian braid group. By using operator in- 
stead of path integral methods to realize the braid group 
we have extended the notion of anyons to arbitrary di- 
mensions. There is, however, a fundamental difference 
in the two approaches. In our approach g-ons appear 
because an underlying descrete symmetry of the bosonic 
Hilbert space is broken, while in the standard description 
anyons are present precisely because the braid group is a 
fundamental symmetry group which is not broken. This 
may also be the cause of the differences between our a{g) 
and ams{g)- It would also be interesting to see if this 
symmetry breaking can occur dynamically instead of by 
hand as we have done. 
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